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Abstract 

In this paper we prove the existence of a radial ground state solu- 
tion for a quasilinear problem involving the mean curvature operator 
in Minkowski space. 



Introduction 

In this paper we study the following quasilinear problem 

+ f(u) = 0, xe R N , 



Vu 



yi-ivui 

u(x) > 0, in 
u(x) —> 0, as \x\ — > oo, 



(1) 



where N > 2 and / : R -> R. 

The differential operator we are considering, known as the mean curva- 
ture operator in the Minkowski space, has been deeply studied in the re- 
cent years, in nonlinear equations on bounded domains with various type 
of boundary conditions (see [3, 4, 5] and the references within) and in the 
whole ~R N for nonlinearities / of the type u v (see [6]). 
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If we look for radial solutions, we can reduce equation (1) to the following 
ODE 

N-l vf 

+ /(«) = (2) 




where u E C 2 ([0, +oo]) is such that u'(0) = 0. 

We will use the shooting method to establish the global existence of the 
solutions of the Cauchy problem 



-r^— \ + jV " 1 , u ' + f(u) = /0 v 
u(0) = £,u'(0) = 

where £ is allowed to vary in an interval which we will define later. As 
usual, in this type of problem the local existence is not difficult to prove, 
since standard fixed point theorems work fine. 

What is really interesting is to find the conditions which permit to extend 
the solution to the whole IR+ and to prove that the solution is a ground 
state, namely Hindoo u(r) = 0. 

The shooting argument has been used in the past to find ground state so- 
lutions to various types of equations. We recall two significant examples 
such as 

Au + f(u) = 0, (4) 
treated in [2] or the following prescribed mean curvature equation 

— Am + u q = 0, (5) 




studied in [9]. The method consists in studying the profile of the solution 
of (3) as the initial value £ varies into an interval. In particular, since we 
are interested in ground states, we aim to exclude the cases in which for 
a finite R > either u or u' vanishes. Using the property of the intervals 
to be connected, if we proved that the values £ corresponding to the bad 
cases constitute two open disjoint non empty subsets of an interval /, we 
should have found at least an initial value whose corresponding solution 
is a ground state. 

We make the following assumptions over / 
(fl) /(0) = 0, 



(f2) / is locally Lipschitz in [0, +oo), 
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(£3) 3a := inf{£ > | /(£) ^ 0} > 0, 



(f4) (if N ^ 3) 3p < 



such that lim 



>o, 



(f5) 3 7 > such that F( 7 ) 



J 7 ^(s) ds > 0, 



and, defining 



6): 



inf{£ > | F(0 > 0}, 



(6) 



we assume 



(£6) /(O >0 in {a, £ ]. 



Moreover we assume the following further hypothesis 
(f7) / is strictly convex. 

In the sequel, we will suppose that / is extended in E_ by 0. Of course, 
since we are looking for positive solutions, this assumption does not in- 
volve the generality of the problem. The main result of the paper is the 
following 

Theorem 0.1. If 

• N ^ 3 and f satisfies (fl-. . -f6) or, alternatively, (fl), (i2), (f3) and (f7) 

• N = 2 and f satisfies (fl), (f2), (f3), (i5) and (i6), 
then (1) has a radially decreasing solution. 

Remark 0.2. Note that assumptions (fl), (£2), (f3) and (f7) imply (i5) and (i6). 

Then, in what follows and in particular in Lemma 1.2, the only alternative is 
between (f4) and (i7), for N ^ 3. For further comments on assumption (f4) we 
refer to Remark 1.3. 

Remark 0.3. We do not treat the case N = 1 since it is definitely analogous 
to u" + f{u) = 0. Then we refer to [1, Section 6] for sufficient and necessary 
condition for the existence of the unique solution of the problem 



Remark 0.4. We exhibit some examples of functions f satisfying our assump- 
tions 
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1. f(s) = —As + s q for A > and q > 1 is a nice function for N ^ 2, 

2. f(s) = —s sm^ =x (s) for m ^ lis a nice function for 2 ^ N ^ 2m + 1, 

3. tofe a > 0, q > 1 and set 

{s(s — a) ifs^a 
-feg^f ifse(a,a + l) 
i/s > a + 1. 

J/ - / satisfies (f5) (for instance for a sufficiently small and q not too large), 
then f is fine for any N > 2. 

Remark 0.5. By comparing our main result with those in [2] and [9], some re- 
markable differences stand out. For example we point out that no assumption is 
required on the behaviour of f at infinity. On the contrary, when for instance f is 
as in example 1, a necessary condition both in [2] and in [9] is q 6 (1, jr^/for 
N ^ 3. 

Moreover the existence result proved in [9] holds for A sufficiently small. On 
the other hand a nonexistence result has been proved for (5) in [8] when A > 

2£+i j 9+1 _ ^4 S shown in example 1, in our case A is allowed to be any positive 



9-1 J 

number. 



1 Proof of the existence result 

Observe that the solution of (3) satisfies the equation 

(r"-y(«0)' = -r N ^f(u), (7) 
where <p(s) := 1 — y/l - s 2 (for s G [-1, 1]). 

It is easy to verify that 4>' :] — 1, 1[— > R is an increasing diffeomorphism. 
Set 5 > (whose smallness will be later established) and denote by C := 
C(R + , R) and by C$ := C([0, 5], R) respectively the set of the continuous 
functions defined in R + and in the interval [0, 5). Define the following op- 
erators 

S:C-*C, S(u)(r) := | -^K tN ^ u ^) dt 

and 

pr 

K:C A"(u)(r) = / u(t)dt. 
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For every (gK, define the translation operator Tg : C — > C such that 
T^(u) — £ + u. Moreover, consider the Nemytskii operators associated to / 
and WY 1 , 

N f :C^C, N f (u)(r) = f(u(r)), 
iV)- : C C, N W) -i{u){r) = 

Set p > and denote with B p := {u £ C$ | ||w||oo ^ p}- We set the following 
fixed point problem: for any £ £ K. we want to find u £ £ + B p such that 



u 



T^oKoN m -ioSoN f (u). (8) 



Since 1 an d / are respectively Lipschitz and locally Lipschitz, Banach- 
Caccioppoli fixed point theorem guarantees the existence of a sufficiently 
small 5 > such that the function u := w(£, r) £ £ + £? p is a solution of (8). 
It is easy to observe that u is a local solution of the Cauchy problem (3). 

Now, let R > be such that [0, R) is the maximal interval where the 
function u is defined. Multiplying (2) by v! and integrating over (0, r) we 
obtain the following equality for any r £ (0, R) 

r (u') 2 (s) 

H(u'(r)) + (N-1) ,) } 44= . rfs = F(0 - F(u(r)) (9) 

where #(t) = x ~^f . 
Denote by 

/3 := inf{£ > £ | /(£) = 0}. (10) 

Of course a < £ < P ^ +°o- Denote by / the interval (a, /3) and take 
£ £ J. By (f3) and (f6), for every s < /3 we have F(s) ^ -F(a), so from (9) 
we deduce that H(u'(r)) is bounded as far as u(r) ^ /3. 

Observe that, since f(u(0)) = /(£) > 0, from equation (2) we deduce 
that ii"(0) < and then there exists rj > such that it'(r) < and £ > 
w(r) > for every r £ (0, 77). Set 

£._f inf{r £ (0,i?) I u'(r) ^ 0} if u'(r) = for some r £ (0, i?) , . 
\ +00 otherwise. 

Remark 1.1. According to the definition (11) we have that < r] ^ R ^ +00 
and, since u(r) < £ < ft for every r £ (0, R),from (9) we have 

3e > swc/z that, for any r £ (0, -R), |«'(r)| ^ 1 — e. (12) 

7n particular we deduce that R = +00 implies R = +00. 
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Define the following two intervals 

r^rv^n i.i u(£,r) > Q,u'(£,r) < 0,for r < 1 

= Bit ^ i? such that ,yJ An n r 

I u(£,R) = J 

and 

i.i L u(£,r) > O.u'(Lr) < O.for r < i? 1 

i_ : = 4 f G i 3if < R such that )V ' ' f . 

i u£,i? =0 J 



We will prove that i + and i_ do not cover I. 

Lemma 1.2. Suppose R = +oo and w'(r) < 0, u{r) > 0/or euery r > 0. TTzen 
lim r ^ +00 w(r) = 0. 

Proof Of course by monotonicity there exists I = lim r ^ +00 u(r) ^ 0. By 
(2) and (12), we deduce that 

U ? ( ^=7 re ) = "/CO- d3) 

r^+oo V^/l - (u'(r)) 2 J 

Suppose that f(l) ^ 0, say /(£) > 0. By simple computations, from (12) 
and (13) we deduce that, definitively, u"(r) < — 5 < 0, for some 5 > 0. Of 
course this is not possible because of (12). 

Since f(l) = 0, there are only two possibilities, either I = or I = a. 

Suppose N = 2 and, by contradiction, I — a. Since for any r > 
/3 > u(r) > a, from (7) we deduce that r<p'{u'{r)) is decreasing in R + and 
then, in particular, there exists R > and <5 > such that for any r > R 
we have 4>'(u'(r)) < — -. By (12) we infer that, for some M > 0, we have 
Mu'{r) < <f)'(u'(r)) and then 

tt'(r) ^ — — — for any r > i? . 
Integrating in (Rq, r) we obtain 



u(r)<«(i2o)--log ^- 

which contradicts I = a. 

Suppose N ^ 3. To exclude I — a, if f satisfies (f 7), it is enough to argue 
as in [9, Lemma 2], taking into account (12). 

Alternatively, assume that there exists p < such that lim s ^ a + ( a _%L > 
0. Assuming by contradiction that / = a, by (12) we can deduce as in 
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[9, Proof of Lemma 2] that for some K > and Rq > 0, for r ^ Rq the 
following inequality holds 

u(r) -a>^. (14) 
By (9), certainly there exists finite the integral f„ + °° — }" I ^ <is and then, 

7 V 7 J & JO Sv /i-( u ')2( s ) 

again from (9), we infer that lim r ^ +00 u'{r) exists. Since u(r) is bounded, 

lim u'(r) = 0. (15) 

r— >+oo 

Now, by (2), (14) and (15), there exists M > such that, if r is sufficiently 
large, 



1 - (u') 2 y r y/l - {u 1 ) 2 (u - a)P 



I -M- 



r I r p{N-2) 

and then a simple computation gives u"{r) < for r sufficiently large. This 
implies that u'(r) is definitively decreasing and then, since for any r > 
u'(r) < 0, we deduce lim r ^ +00 u'(r) < 0. This contradicts (15). □ 



Remark 1.3. We point out that the proof of Lemma 1.2 is the only point where we 
use assumption (£4) or (i7), since they occur in excluding the case lim r ^ +00 u(r) = 
a when N ^ 3. Since it is well known how fundamental the role of the space di- 
mension is in deducing a priori estimates on the decay at infinity of the radial 
solutions ofPDEs, it is not surprising the difference between the case N = 2 and 

As to (f4), we remark that, for the same technical reason as in this paper, the 
weaker assumption 

lim^>0 

s->a+ s — a 

has been introduced in [2] to deal with (4) (observe that for N = 3 it coincides 
with (f4|). For this reason, we conjecture that assumption (f4) could be relaxed 
in some way. 

Theorem 1.4. I + is not empty. 
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Proof Let f e {a, f ). By (6), F(g) < 0. By (9) we deduce that F(u(r)) < 
< for any r e (0, /?). As a consequence, by (f6) we have that there 
exists m > such that 

< m < u(r) < £, (16) 

and then, by Remark 1.1, -R = +oo. Now, assuming that u'(r) < for any 
r > 0, by Lemma 1.2 we get a contradiction with (16). □ 



Now, to prove that 1_ is not empty, we need some preliminary results. 
Consider the problem 



+ /(«) = 0, in B p , 



(17) 



it = 0, 



on <9-B p . 



If /3 < +oo (we recall that /3 is defined in (10)), we replace / in (17) by 



f(s) 

if s > /3. 



(18) 



As in [5], we use a variational approach to (17). 

Set W p := W 1 ' 00 ^, p), R). It is well known that W p e — >■ C p . 
Define 

K := { H 6f p | llu'll^ ^ l, u (p) = 0} 



and 



tf(u) := 



r N-i (1 



-oo 



'l-(u') 2 )dr iiueKo 

ifu e W P \K . 



For any m e we set 



J(u) := *(m) - / r* _1 F(u) dr. 

It is easy to verify that the functional J is a Szulkin's functional (see [11]) 
so that, by [11, Proposition 1.1], we have that if u G W p is a local minimum 
of J, then it is a Szulkin critical point and for any v E K it solves the 
inequality 

[ P r N -\(j)(v')-(f)(u'))dr- f V^" 1 f(u)(v - u) dr > (19) 
Jo Jo 

where we recall that is defined in (7). 
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Lemma 1.5. If u e K is a local minimum for J, then u {\x\) is a classical 
solution of (17). 

Proof We will use an argument taken from [7]. 

Suppose u G K is a minimum for J and consider the problem 

(r^ W))' " r N -'v = -r N -\f(u ) + u ), v'(0) = 0, v(p) = 0. (20) 

By [3, Theorem 2.1], certainly (20) has a classical solution. As in [7, Lemma 
3, Lemma 4] we deduce that the solution is unique, call it v, and for any 
w G K it satisfies the following inequality 

r N ~ 1 (<P(w')-<P(v'))dr+ f f \ N - l (v- f(u )-Uo)(w-v)dr^O. (21) 

Jo 

Now write (19) for v = v and (21) for w = u and sum up the two inequal- 
ities. What we obtain is 



Jo 



which implies u = v and then uq is the unique classical solution of (20). 
We conclude that wo(|#|) is a classical solution of (17). □ 



Theorem 1.6. I is not empty. 

Proof As a first step, we show that 

1. J is bounded below and achieves its infimum, 

2. if p > is sufficiently large, then c = inf u6Wp J(u) < 0. 
Observe that 

Vw G K : ||m||oo ^ p. 

As a consequence, it is easy to see that J is bounded below. Consider 
(u n ) n G W p a minimizing sequence. Of course we can assume u n G K for 
any n ^ 1. By Ascoli Arzela theorem, there exists a subsequence, relabeled 
(w n ) n , and a continuous function w such that 

u n — > n uniformly in [0, p]. (22) 

To prove that u is in K Q , we just observe that, for any x, y G [0, p], with 
x ^ y, we have 

u re (x) - u n (y) tto(z) - tto(y) 

lim = , 

n x — y x — y 
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and then also u has Lipschitz constant 1. 

By (22) and [7, Lemma 1], ^(u ) ^ liminf n ty(u n ). Then, again by (22), we 
have 

J(uq) ^ co- 

Now we prove our second claim. Consider the following function defined 

for p > 27 

7 in [0, p - 2j) 

w p {r' 

Of course w p G K . Moreover 



" 1 £_I in[p-2 7 ,p]. 



JK) < J T (2-V3)s N - 1 ds 

2 Jo- 27 



-27 

- Hi) iP ~^ )N + ± max \F(s)\(p N - {p - Try)") 
^C 1 (p^-(p-2 7 n-^(p-27) Ar 

< c^- 1 - C 3 p N 

where Ci, C2 and C3 are suitable positive constant. The second claim is an 
obvious consequence of the previous chain of inequalities. 

Now, suppose p > and u G K are such that I(u ) = c < and 
set £ = u (0). The value £ G (a, /?). Indeed, by Lemma 1.5, u (| ■ |) is a 
classical solution of (17) and then u is a local solution of (3), with £ = £ 
and / instead of / if ^ < +00. If £ ^ a, then F(£) < leads to an obvious 
contradiction to (9) computed in r = p . On the other hand, £ can not be 
greater than /3, since in this case, by (18), the unique solution of the Cauchy 
problem (3) would be the constant function u(r) — £. 
By contradiction, suppose that £ ^ J_. Since we can assume iio(f) > 
in [0, p ), otherwise we consider the function u restricted to the interval 
[0, R') where R! := inf{r > | u (r) = 0}, our contradiction assumption 
implies that R G (0, p ) (the definition of R is given in (11)). 
Computing (9) for r = R and for r = p , we respectively have 

f R (u') 2 (s) 

(N-l) ,\ Uq= . c/ S = F(£) - (23) 

Jo sy 1 ~~ ( u ) ( s ) 

FK(po)) + {N-1) ) J / cfe = F(£). (24) 

Jo sy 1 - K) 2 (s) 

Subtracting (23) from (24), we obtain 
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that is F(u(R)) > 0. 

Since it'(r) < for any r £ (0, -R), we have that u"(R) ^ and then from (2) 
it follows that f(u(R)) ^ 0. Since / is positive in J and < u(R) < £ < /3, 
certainly m(_R) £ (0,a]. From this we deduce that F(u(R)) < and then 
the contradiction. □ 



Theorem 1.7. 7 + and 7_ are disjoint and open. 

Proof By contradiction, suppose £ £ J + fl J_. Then, since the solution 
of (3) with £ = £ is such that u(R') = u'(R') = 0, we can extend it by in 
(R, +oo) and we get a compact support solution to the equation (2). Sim- 
ple computations shows that this contradicts the strong maximum prin- 
ciple as it appears in [10, Theorem 1], since u(\x\) would be a compact 
support solution to the equation in (1). 

An alternative (and simpler) proof consists in observing that, by unique- 
ness theorem, u = is the unique solution of the Cauchy problem 

( (t*f)' + ^7*F + /( " ) = 

[ u{R) = 0,u'{R) = 0. 

Finally, observe that, by continuous dependence on the initial datum, I + 
and I- are open sets. □ 

By Theorem 1.4, 1.6 and 1.7, we can take £ £ 7\(7 + U/_). Since R = +oo, 
by Remark 1.1 u(£, r) is defined in IR + . By Lemma 1.2 lim r ^ +00 r) = 0. 
As a consequence u(x) = u(£, \x\) is a solution of (1). 
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